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, Abstract. Half-inverse spectral problem for a Sturm-Liouville operator consists in 

' reconstruction of this operator by its spectrum and half of the potential. We give the 

O I necessary and sufficient conditions for solvability of the half-inverse spectral problem 

^ • for the class of Sturm-Liouville operators with singular potentials from the space 

I W2~^(0, 1) and provide the reconstruction algorithm. 

C/^ ■ 1. Introduction 
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Assume that a function q is integrable and real-valued on (0, 1) and that ho and hi 
are some elements of M := M U {oo}. Denote by T = T{q, h^, hi) a Sturm-Liouville 
operator in ^2(0, 1) that is given by the differential expression 
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00 ■ and the boundary conditions 

r^: (1-2) y'{0)- hoy {0) = 0, y'{l) - hiy{l) = 

■ (where, as usual, /lo = 00 or /ii = 00 is a shorthand notation for the Dirichlet boundary 
O I condition at the point a; = or x = 1 respectively). Suppose that the spectrum 

E(g, /io,/ii) of T, the number ho and/or hi, and the potential q over a half of the 

■ interval — e.g., over (0, |) — are known; can one recover the operator T based on this 
information? Problems of such kind are known in the literature as half-inverse spectral 
problems, or inverse problems with mixed spectral data. 

The main aim of the present paper is to study the half-inverse spectral problem for 
Sturm-Liouville operators with real- valued singular potentials from the space W2^{0, 1) 
(see Section |21 for precise definitions) . Namely, we shall find necessary and sufficient 
conditions on mixed data in order that the half-inverse spectral problem be soluble in 
the considered class of potentials. We also specify this result to the case of regular 
potentials from 1/2(0, 1) and establish then a local existence theorem. 

The first result on the half-inverse spectral problem is due to Hochstadt and Lieber- 
man [T2], who proved that if S( q, h^, hi) = S(g, h^, hi), ho = h^, hi = hi, and q = q 
on (0, 1), then q = q on (0,1). Later, Hald JU] proved that the statement remains 
true even if the boundary conditions at the point x = 1 are not assumed equal, while 
del Rio f^l constructed counterexamples demonstrating that uniqueness might fail if 
^0 7^ ^0- Hald generalized the theorem by Hochstadt and Lieberman to the set- 
ting motivated by the inverse problem for the torsional modes of the Earth, where the 
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domain of T forces a discontinuity in an interior point. It was shown in ^T] that not 
only the potential in but also the position of the discontinuity and the jump 

magnitude are uniquely determined by the spectrum ho, hi), the number ho, and 
the potential q on (0, |). Willis established similar uniqueness result for an inverse 
problem with two interior discontinuities, and Kobayashi JH] proved that a symmetric 
potential q G Li(0, 1) with two symmetrically placed jumps is uniquely determined 
from ho and a single spectrum ho, —ho). We also mention the paper where the 
uniqueness for the half-inverse problem was established for the operator generated by 
the differential expression 

a(x) dx ( ^ ^ dx) ~^ ^ 
with the impedance a vanishing at x = and positive otherwise. 

Afterwards, these uniqueness results have been further generalized to different set- 
tings. In 0, del Rio, Gesztesy and Simon proved a number of results when g on a part 
of (0, 1) and certain parts of the spectra E(g, ho, hi) for several different values of hi 
completely determine q on (0, 1) — e.g., so do the spectrum S(g, ho, hi), half the spec- 
trum S(g, ho, h[) for h[ ^ hi, and g on (0, |), or two-thirds of the spectra E(g, ho, hi) 
for three different values of hi. In [7j, Gesztesy and Simon proved that it suffices to 
know all the eigenvalues of T except k + 1 provided the potential q is C^^-smooth at 
the midpoint x = \. It was also proved in ^ that, under suitable growth conditions 
on the potential g of a Schrodinger operator T on the whole line, the spectrum of T 
and the potential on the half-line (0, oo) determine uniquely q on the other half-line 
(—00,0). This last result was recently improved by Khodakovsky 19 . 

In the recent work (2^, Sakhnovich studied existence of solution to the half-inverse 
spectral problem; namely, he presented sufficient conditions on a function go on (0, \) 
and a sequence (A^) of pairwise distinct real numbers tending to +oo in order that 
there existed a Sturm-Liouville operator T on (0, 1) with given spectrum {A^} and 
potential g coinciding with go on (0, |). These sufficient conditions are of local nature 
as they require that go belong to C^[0, |] and that some quantities constructed through 
the mixed spectral data {(A^),go} be small enough; basically, go is required to have 
small enough norm in C^[0, |] and the sequence (A^) to be close enough to the "un- 
perturbed" one, (vr^ra^). Under these smallness assumptions the author also suggested 
a constructive algorithm based on iterative solution of a Gelfand-Levitan-Marchenko 
type integral equation. 

We also mention the book by Poschel and Trubowitz [22j, where among other in- 
verse results the authors prove that the odd part of a potential g G ^^2(0, 1) and the 
Dirichlet spectrum E(g, 00,00) determine uniquely the whole potential. Coleman and 
McLaughlin generalized the approach by Poschel and Trubowitz and derived an 
analogous result for Sturm-Liouville operators in impedance form 

p{x) dx\ dxJ 

with p G W2{0,1). Here p is a positive impedance, and the operator S, subject to 
suitable boundary conditions, is selfadjoint in the weighted space i^2((0, l);pdx). 

Sturm-Liouville operators in impedance form were earlier treated by Andersson ^1 
12]. In [T] the cases p G W^{0, 1), r G [1, 00), and p of bounded variation were consid- 
ered and various direct and inverse spectral problems addressed; in particular, unique- 
ness and local existence results for the half-inverse spectral problem were derived. 
In among other direct and inverse spectral problems, a global existence result for 
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the half-inverse spectral problem for the impedance Sturm-Liouville operator S with 
p G PF2^(0, 1) was claimed. Namely, Theorem 5.2 of [2j states that for any positive 
function pq G W^2^(0, |) and any sequence (A^) of pairwise distinct real numbers tend- 
ing to +00 and obeying the necessary asymptotics there exists an impedance Sturm- 
Liouville operator S with impedance p G ^^2^(0, 1) extending Pq, whose spectrum co- 
incides with the set {A^}. Unfortunately, as the example of Section |3] demonstrates. 
Theorem 5.2 of j2j is erroneous. 

We observe that for p G W^2^(0, 1) the impedance Sturm-Liouville operator S is 
unitarily equivalent to a standard Sturm-Liouville operator with singular potential 
1 •= i^/p)" / \/P ^ W^2~^(05l)- The theory of Sturm-Liouville operators with singular 
potentials from 1^2"^ (0) 1) have been thoroughly developed in the recent works by Shka- 
likov and Savchuk (see, e.g., [221 1201)5 and some settings of inverse spectral problems 
for such operators have been completely solved in [T^ l ITH l IT7j. 

The present work was highly motivated by the papers (21123: we wanted, firstly, to 
correct the erroneous statement of Theorem 5.2 in [2j concerning solvability of the half- 
inverse spectral problem and, secondly, to formulate local existence result analogous to 
that of [221 directly in terms of the mixed data. 

The paper is organized as follows. In the next section we introduce necessary defi- 
nitions and formulate the main results. In Section |21 some facts about transformation 
operators are presented. Proof of Theorem 12.11 and a counterexample are given in 
Section HI and Theorems 12.21 and 12.31 are proved in Section Finally, Appendix |X1 
contains the proof of Theorem 13.41 

2. Formulation of the main results 

Throughout the paper we shall denote by (•, •) and || ■ || respectively the scalar 
product and the norm in the Hilbert space L2(0, 1). The symbol Wp{a,b), p > I, 
s G M, shall stand for the Sobolev function space over {a,b), and we write ReL2(a,&) 
and IleW2{a,b) for the real Hilbert spaces of real- valued functions from L2{a,b) and 
1^2^(0,6) respectively. 

Suppose that g is a real-valued distribution from W2^i0, 1) and that a G -^^2(0, 1) 
is any of its (real-valued) distributional primitive. Then the differential expression £ 
of can be written as 

Liy) = -iy' - cry)' - ay =: -(y'^')' " ^V- 

In what follows, the symbol y^^^ will stand for the quasi-derivative y' — cry of a function 
y G WliQ, 1). A natural L2-domain of is 

dom4 = {ye wl{Q, 1) I G wl{Q, 1), IM e ^2(0, 1)}. 

For any /iq, /ii G M U {00} we denote by T = T(cr, /iq, hi) an operator in ^2(0, 1) that 
acts as Ty = ia{y) on the domain 

domT = {ye dom4 I 2/™(0) = hoy{0),y^'\l) = hy{l)}. 

This method of regularization by quasi-derivatives was suggested by Shkalikov and 
Savchuk in [23 (see also [23)- Since £a{y) = ~y" + cr'y in the sense of distributions, 
so defined operator T can be regarded as a Sturm-Liouville operator with the singular 
potential q = a' E W2^{0, 1). It is known [25j that T is a selfadjoint bounded below 
operator with discrete spectrum. 

Note that T{a + h, ho, hi) = T{a, h^ + h,hi + h) for any /i G M; henceforth, by 
adding a suitable constant h to the primitive a, we can always achieve one of the 
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following situations: (1) ho = 0, /ii G M; (2) ho = 0, hi = oo, (3) ho = oo, hi = 0, 
(4) ho = hi = oo. All four cases are treated in a similar way, and, to be definite, we 
shall concentrate on the first case here. 

Therefore we shall assume that the operator T has the form T(cr, 0, h) =: T„^h for 
some a G ReL2(0, 1) and some /i G M. As was mentioned above, T so defined is 
selfadjoint, bounded below, and has simple discrete spectrum accumulating at +oo. 
By adding a suitable constant C to the potential q (or a suitable linear function Cx to 
the primitive a) if necessary, we can make all the eigenvalues A^, n G Z+, of T positive 
and will tacitly assume this in what follows. It is known P^ IT^ that the eigenvalues A^, 
when arranged in increasing order, obey the following asymptotic formula: 

A„ = 7m + /i„, n G Z+, 

where (/U„)„ez+ e £2- 

We denote by £ the set of all strictly increasing sequences A = {\n)n£Z+, in which 
A„ are positive numbers such that /i„ := A„ — vrn form an £2-sequence. Fix an arbitrary 
A = (A„) G £ and denote by IIa the set of all real- valued functions ip G i^2(0, 1) of the 
form 

00 

(2.1) i/j^x) = cos(A„,x) — cos(7mx)] + |, 

n=0 

where (an)nez+ is a sequence of positive numbers such that the sequence (a„ — l)nez+ 
belongs to £2- Put 

00 

(2.2) ipAix) := ^^[cos(A„a;) — cos(7rna;)]; 

71=0 

it can be shown (see Lemma 1^?!^ that this series converges in L2(0, 1). Since the system 
{cos(A„a;)}^Q forms a Riesz basis of 1/2(0, 1) [T2j, we conclude that for any ip G i^2(0, 1) 
there is an ^2-sequence (/3„) such that 

00 

ip{x) - ^A(a;) - I = ^ /?„ cos XnX. 

n=0 

It follows that ip admits representation 1)2.11) with q;„ := /3n+l- Thus the only restriction 
imposed by IIa is that all the coefficients /5„ in the above series representation of 
ip — ipA — ^ should be greater than —1. The above arguments also show that IIa is an 
open and convex set in ReL2(0, 1). 

Assume that ctq G ReL2(0,|) and denote by yo{-,X) = ?/o(-. A, ctq), A G C, the 
solution of the equation 

on the interval (0, |) subject to the initial conditions 

1/(0) = 1, {y'-aoym = 0. 

Let Zo,cro(^;^) tie the kernel of the transformation operator / + ^0,0-0 that maps yo{-, A) 
into the function cosAa; for all complex A (see Section El for details). In other words, 
/o,o-o is such that the following equality is satisfied for all A G C, x G (0, |): 

cosAx = ?/o(x. A) + / lo^aoix,t)yo{t,X)dt. 
Jo 
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We put 

(2.3) 0o(2x) = 0o(2x,ao) := -^^To(x) + [ ll,^^{x,t) dt, x E (0,i). 

^ Jo 

It follows from the results of Pl] that (po E L2{0, 1); see also Remark 13.51 
Our main result is the following 

Theorem 2.1. Assume that A = (A„)„gz+ E ctq E ReL2(0, i), and define : = 
0o(-, ctq) as in ()2.3j) . 

(i) T/ie half-inverse spectral problem is soluble for the mixed spectral data {(Tq, A} 
if and only if the function (pQ belongs to IIa. 

(ii) // 00 E Ha, then the solution of the above half-inverse spectral problem is 
unique — i.e., there exist a unique a E ReL2(0, 1) and a unique h eM. such that 
a IS an extension of ao and the spectrum ofT^h coincides with A^ := (A^)„gz+. 

As the function 0o is determined via ctq and the set IIa via A, condition (i) of the 
theorem imposes connection between o"o and A. An example of mixed data {(Tq, A}, for 
which 00 is not in IIa (and thus the half-inverse problem has no solution), is given at 
the end of Section HJ 

For the "unperturbed" situation with zero potential one has ctq = on (0, |), = 
vrn, G Z+, and 0o = |, so that 0o E IIa- Since the set IIa is open and depends 
continuously on A, and the function 0o of ()2.3j) depends continuously on do, it follows 
that 00 E IIa if the function ao E ReL2(0, |) and the sequence A — (vrn) E £2 have 
small norms. This is a local existence result analogous to those of the papers [T| I23j. 
However, nice bounds on the norms ||o"o||l2(o,i/2) ^-iid ||A — (v™)||£2 are cumbersome and 
difficult to obtain. Instead, we shall establish such bounds in the particular case where 
(To E VF2^(0, |), i.e., where go E 1^2(0, |), and estimate the norm of go in -^'2(0, \). 

Theorem 2.2. Assume that a real-valued function go E ^^2(0, \) and a sequence (A„) =: 
A G ii are such that ||go||L2(o,i/2) < | md ||(A„ — 7™)||^2 ^ i- Then 0o G IIa; therefore 
there exists a unique function a G Re -^2(0, 1) extending ctq := go and a unique real h 
such that the numbers A^ are eigenvalues of the Sturm-Liouville operator T^ ^. 

Theorems 12 . II and 12 . 21 admit the following refinement for the class of regular Sturm- 
Liouville operators with potentials from ^2(0,1). We observe that if the potential g 
belongs to ^2(0, 1) and a{x) = q{t) dt, then the operator T = Ta-^h is given by 

Ty := -y" + qy, domT = {y E W^{0, 1) | y'{0) = 0, y'{l) = hy{l)} 

with h := h + cr(l), and the eigenvalues A^ of T obey the asymptotics 

C rT, 

A„ = vrn H 1 , n E Z+, 

n n 

for some c G M and an ^2-sequence {fn)- We denote by £1 a subset of £ formed by 
sequences (A^) obeying this refined asymptotics. 

Theorem 2.3. Assume that A G £1 and E ReW2^(0,|). // 0o G IIa, then the 
extended function a given by Theorem \2.1\ belongs to VF2^(0, 1). 

In other words, this theorem states that if for a given function go G ReL2(0, |) and 
a given sequence (A^) G £1 the half-inverse spectral problem has a solution within the 
class of Sturm-Liouville operators with potentials from VF2~^(0, 1), then the recovered 
potential belongs in fact to ^2(0, 1). 
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3. Transformation operators 

In this section we shall formulate some results from the papers |14| ITK] that will be 
used later on to establish our principal results. 

Suppose that a G i^2(0, 1) and denote by an operator in ^2(0, 1) that acts accord- 
ing to 

%v = Liy) ■■= - ^y' 

on the domain 

domf^ = {y e dom4 | ?/W(0) = 0}. 

In other words, T„ is an extension of the operator T^. /j discarding the boundary condi- 
tion at the terminal point x = 1. 

One of the main results of the paper J3] is that the operators and Tq are similar, 
and the similarity is performed by a transformation operator of a special form. 

Theorem 3.1. Assume that a G ^^2(0, 1); then there exists an integral Hilhert- Schmidt 
operator K^r : -^^2(0, 1) -^2(0, 1) of the form 

(3.1) {K^u){x) = / k^{x,t)u{t)dt 



such that I + Kf^ is a transformation operator for Tcr and Tq, i.e., such that 
(3.2) TM + K^) = {I + K^)fo. 

The operator with properties (|3.ip - (j3.2p is unique. If, moreover, the function a is 
real-valued, then the kernel k^r is real-valued, too. 

Put Lfj := {I + Kcr)'^^ ~ T, then L^r is an integral Hilbert-Schmidt operator of Volterra 
type, i.e., 

{L„u){x) = I lfj{x,t)u{t) dt, 



and / + Lg- is the transformation operator for Tq and T^-. The kernels k„ and l^ of the 
operators K^^ and possess the property that, for any fixed x G [0, 1], the functions 
ka-{x, ■) and la{x, ■) belong to -^2(0, 1) and the mappings 

[0,1] 3x^k^{x,-) eL2(0,l), 
[0,l]^x^Ux,-)eL2{0,l) 

are continuous. 

The transformation operators naturally appear during factorization of some Fred- 
holm operators, which we shall now explain. 

Denote by 62 the ideal of all Hilbert-Schmidt operators in ^2(0, 1). It is known that 
any operator in ©2 is an integral operator with square integrable kernel on (0, 1) x (0, 1). 
We denote by (©2 ) the subalgebra of 62 consisting of all integral operators in 62 
with upper- diagonal (respectively, lower-diagonal) kernels. 

Definition 3.2. Assume that Q G ©2- We say that the operator J + Q is factorizable, 
or that I + Q admits factorization, if there exist operators G &2 and R~ G ©2 
such that 

I + Q = {I + R+)-\l + R-)-\ 
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Observe that an operator I + Q can admit at most one factorization and thus the 
operators = -R^(Q) are uniquely determined by Q. 

To every function G L2(0, 2) we shall put into correspondence an integral operator 
G ©2 with kernel /^(x, t) := 0(x + t) + 0(|x — i.e., 

{F^u){x) := / f^{x,t)u{t)dt. 



JO 

Denote by $ the set of those G L2(0,2), for which the corresponding operator 
admits factorization. It follows from the results of [21] that the set $ is open and 
everywhere dense in ^2(0,2). We note also that if is a selfadjoint operator, then 
G $ if and only if / + is (uniformly) positive in L2(0, 1), see [01 Ch. 4]. 

Connection between the transformation operators K„ and operators is described 
by the following statement, cf. [T^ . 

Theorem 3.3. (i) Let a G i^2(0, 1) and define a function (p = (p^ via 

1 r 

(3.3) (f){2x) = --a{x) + ll{x,t)dt, a;G(0,l). 

r/ien G $ anc? 

(3.4) i + F^ = {I + K,)-\I + ir;)-\ 

where I + i^o- is the transformation operator for and Tq, and Kj is the 
operator associated to i.e., 

{KJu){x) := [ k^{t,x)u{t)dt. 



(ii) Conversely, if cj) G $ and I + F^ = {I + K^Y^ {I + K'Y^ with G ©f, then 
K = K„ for some a G ^2(0, 1), R- = Kj , and ((SSD holds. 

(iii) The mapping ^2(0, 1) 9 cr 1-^ G $ given by ()3.3|1 is homeomorphic. 

The same statements hold certainly true if we consider the Sturm-Liouville problem 
on the interval (0, |) instead of (0,1); the function will then be defined on (0,1) 
instead of (0, 2). 

It can be proved that for a smooth function a the function of (j3.3p is also smooth. 
We shall need the following version of this statement (proved in Appendix . 

Theorem 3.4. The restriction of the mapping ^2(0, 1) 9 cr i-^ G $ given by ()3.3j) to 

the set W^{0, 1) is a bijection onto $ fl M^2^(0, 2). 

Assume that h E R, a E ReL2(0, 1), and let (A^)5^o be the sequence of eigenvalues 
of the operator T = T^^^. Denote by Un the eigenfunction of T corresponding to 
the eigenvalue and normalized by the initial condition Un{0) = V^- Then Un = 
(/ + Kfj)vn, where Vn{x) := cos(A„a;). Put 

■— II ll~2 

Oin ■— lFn|lL2(0,l)' 

then the asymptotics of An and properties of the transformation operator I + K„ imply 
that 

a„ = 1 + (3n, 

where the sequence {[3n)n&+ belongs to £2(^-1-) ,15,. Using the Parseval identity 

N 



s 

N^oo 

n=0 
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(s-lim denoting the limit in the strong operator topology in ^2(0, 1)), replacing Un by 
(/ + K^)vn, and recalling relation (j3.4|) . we conclude that 



N 

I + F^ = s-hm ^ a„( ■ , Vn)vn. 



n=0 



Straightforward calculations show that the function of (j3.3|l determining the kernel 
of the operator is given by the series 

00 ^ 
(3.5) 0(x) = ^^[a;„ cos(A„a;) — cos(7™a;)] + -, 

n=0 

the equality being understood in the -^2(0, 2)-sense. 

Remark 3.5. Assume that cxo G L2(0, |) and that a is an arbitrary extension of 
to a function from L2(0, 1). It is easily seen that the restriction of the kernel l„ onto 
the square (0, ^) x (0, |) coincides with the kernel /o,(7o transformation operator 

related to the function ao, see Section\^ Thus the function (pQ given by formula fl2.3|l 
verifies the equality 

M^x) = -la{x)+ [ ll{x,t)dt, xG(Oi); 



in particular, (po is the restriction to (0,1) of the function (p = of (j3.3|) . which 
implies the inclusion 0o ^ -^2(0, 1). 

4. Proof of Theorem 12.11 
We start with establishing several lemmata. 
Lemma 4.1. Assume that (A„)„ez+ G ii and (/3„)nez+ ^ ^2- Then the series 



cos(A„x) and /5„ sin(A„x) 

n=0 n=0 



converge in L2(0,2). 



Proof. We observe that the systems {cos{\nx)}n£Z+ and {sin(A„x)}„gN form Riesz 
bases of L2(0,l) |12]. Convergence of both series in L2(0,l) now follows from the 
definition of a Riesz basis, see [HI Ch. VI]. Since 

cos[A„(x + 1)] = /?„ COS A„ cos(A„x) - (3n sin A^ sin(A„x) 

and the sequences (/?„cosA„) and (/?„sinA„) belong to ^2(^+), the series 
00 00 00 

Pn cos[A„(x + 1)] = ^ Pn COS A„ cos(A„x) - ^ Pn siu A„ sin(A„x) 

n=0 n=0 n=0 

also converges in 1/2(0, 1). Henceforth the series Yl'^=o Pn cos(A„x) converges in L2(0, 2). 
The second series is treated in the same manner, and the lemma is proved. □ 



Lemma 4.2. For any real numbers a and b the following inequality holds: 



52 

cos(a + 6) — cos a + b sin a \ < —= . 
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Proof. Using the standard trigonometric identities, we find that 

I cos(a + 6) — cos a + b sin a| = | (cos 6—1) cos a + (6 — sin b) sin a| 

< y/{cosb- 1)2 + (6- sin 6)2 



= V2(l - cos 6) +6(6 -2 sin 6). 

Taking into account the inequahties 1 — cos 6 < 62/2 and |6 — sin6| < |6p/6 , holding 
for all real 6, we conclude that 

2(1 - cos 6) + 6(6 - 2 sin 6) < 26(6 - sin 6) < b^S, 

and the result follows. □ 

Lemma 4.3. Assume that (A„) G -C and (z/„) G £od{'^+); then the series 

oo 

(4.1) z/„[cos(A„x) — cos(7rnx)] =: 6{x) 

n=0 

converges in L2(0,2). Moreover, putting fin '■= A„ — nn and denoting 7 := ||(/in)||^2; 
S := ||(z^n)||^^ we have 

/ 72 

L2(0,l) < '^(^^^ + — )• 



Proof. By the definition of the set the sequence {fin)z+ falls into £2- Denote 



00 



9{x) := —X fin^n sin(7rnx) 



n=0 



then 9 G i^2(0, 2) by Lemma [4. II and, since the set {v^ sin(7ma;)}„gN is an orthonormal 
basis of -^2(0, 1), 

/2 75 



|^||l2(o,i) < (^2^^'^'^'^"' j - 

n=0 



Applying Lemma [4.21 we find that 

V3 



(4.2) I cos(A„a;) — cos(7ma;) + fj,nX sm{7mx)\ < — , x G [0,2], 



so that the series 

00 

[ cos(Anx) — cos(7rnx) + finX sin(7rnx ) 

n=0 

converges uniformly and absolutely on [0, 2]. This proves that series ()4.H1 converges in 
^2(0, 2); we denote its sum by 9. 
Inequality ()4.2|1 yields the estimate 



\9{x) —9{x)\ = z/„ [cos(A„x) — cos(7rnx) + sin(7r?7 

n=0 

so that \\9 — ^^||l2(o,i) < 7^(5/vT5 and 

~ ~ 72,5 7(5 

116*11X2(0,1) < 11^ - ^11^2(0,1) + II^I|l2(0,1) < + 



< —;=X 



as claimed. The proof is complete. □ 



10 



R. O. HRYNIV, YA. V. MYKYTYUK 



Lemma 4.4. Assume that (A„) G £ and that (an) is a sequence of real numbers such 
that c < On < C for some positive constants c, C and all n G Z+ . Define an operator 
U : -^2(0, 1) -^^2(0, 1) hy the equality 

N 

(4.3) U ■.= S-\imy^an{- ,Vn)Vn, 

n=0 

where s-lim stands for the limit in the strong operator topology o/L2(0, 1) and Vn{x) := 
-\/2 cos(A„x). Then the operator U is invertible and {U~^Vj,Vk) = (y^^^jk for all j^k G 
Z+, where 6jk is the Kronecker delta. 

Proof. Observe that in view of the relation A„ — vm — > as n ^ 00 the system 
{cos(A„x)}„,gz+ is a Riesz basis of L2(0,l) [T^, which yields convergence of the sum 
in ()4.3j) in the strong operator topology. It is easily seen that 

N 

= s-lim V a;;^( ■ , {;„)w„, 

n=l 

where ({)„) is a basis biorthogonal to (f„), see jHl Ch. VI]. Therefore 

N 
1=1 

and the proof is complete. □ 

Proof of Theorem \2.1\ (i) Necessity. Assume that ctq ^ R-eL2(0, |), (A„) =: A G H, 
and let there exist an extension a G i^2(0, 1) of ctq to (0, 1) and a number /i G M such 
that the spectrum of the corresponding operator T^^h coincides with the set {A^}. Then 
according to Remark 13.51 and formula ()3.5|) we have 

00 

(4.4) 0o(2^) = ^[anCos(A„x) — cos(7mx)] + x G (0, 1) 

n=0 

for some a„ > such that /3„ := a„ — 1 form an ^2-sequence, so that G IIa as 
required. 

Sufficiency. Assume that ctq G ReL2(0, |), (A„) =: A G £, and that the function 
(/)o belongs to IIa. According to the definition of the set IIa, the function 0o has 
the form ()4.4|1 for given A„ and some sequence (a„) of positive numbers, for which 
[3n := a„ — 1 form an £2-sequence. Writing a„cos(A„x) — cos(7™a;) as 

cos(A„x) + [cos(A„x) — cos(7ma;)] 

and applying Lemmata 14. II and 14.31 we conclude that the series on the right-hand side 
of ()4.4|) converges in ^2(0, 2) to some function 0; clearly, 0(x) = 0o(a;) a.e. on (0, 1). 

Consider now the operator I + F^ corresponding to the function constructed above. 
Using the definition of F^, one easily shows that 

N 

I + F^ = s-lim a„( -, f„)t;„ 

n=0 

with Vn{x) = -\/2 cos(A„x). Since the set {vn}nez+ forms a Riesz basis of -^2(0, 1) and 
the numbers a„ are uniformly positive and uniformly bounded, the operator / + F,^ is 



HALF-INVERSE SPECTRAL PROBLEMS 



11 



bounded and (uniformly) positive. It follows that the operator I + is factorizable [01 
Ch. 4], so that G $ and by Theorem 13.31 there exists a G i^2(0, 1) such that 

1 

(4.5) 0(2x) = --(t(x) + / ll{x,t)dt, xG(0, 1). 

2 Jo 

Here 1^ is the kernel of the transformation operator corresponding to Tq and T^-. 

We prove next that a = ctq on (0, |). Denote by ao the restriction of a to (0, i); then 
by Remark 13.51 

l„{x,t) = lo^^^X^,t), < t < X < i, 

where /o,5o kernel of the transformation operator on the interval (0, |) constructed 
for the function ao- On the other hand, 0o satisfies the relation 

1 

0o(2x) = --aoix) + /o,<xo(^''^) ^ ^ (0' D' 

and since the mapping (j3.3p considered on (0, i) is bijective, we conclude that = ctq, 
i.e., that a is an extension of a^. 

It remains to show that there is G M such that the spectrum of T^^h coincides with 
the set {A^}nez+- Put 

Wj := (/ + K„)vj, J G Z+; 
then by virtue of Lemma 14.41 we find that 

{wj,Wk) = {{I + K*){I + K^)vj,Vk} = {{I + F^)~^Vj,Vk) =al^5jk- 

In particular, the vectors Wj are orthogonal; since {vk}n&+ is a Riesz basis of ^2(0, 1) 
and the operator / + K„ is a homeomorphism of L2(0,l), the set {wj}n<^z+ is an 
orthogonal Riesz basis of ^2(0, 1). 

It remains to prove that there is /i G M such that wj are eigenfunctions of the operator 

Tfj^h, i-e., that wj^' = hwj{l) for all j G Z^. We observe that Wj satisfy the following 
Lagrange identity: 

(4.6) = if^Wj,Wk) - iwj,f^Wk) = -wf\l)M^)+Wji^Wk\^)- 

If Wjll) = for some j G then w^^\l) 7^ by uniqueness theorem for the equation 
C,a-{y) = X'jV and the above relations imply that Wk{l) = for all G Z+. Then 
would be eigenvalues of the Sturm-Liouville operator T^^oo- This is impossible since 
the eigenvalues of T^^oo obey the asymptotics = ^('^^ |) +o(l) as /c — *• 00 [T^.26j . 
and this asymptotics is completely different from that of A^. Henceforth Wk{l) 7^ for 
all k G Z4., so that by ()4.(i|l there exists h E M. such that wl^\l)/wk{l) = h, i.e., such 
that the set {A^} are eigenvalues of the operator T^^h and Wk are the corresponding 
eigenfunctions. The operator To-,/i has no other eigenvalues since the set {wj}j^z+ of 
the eigenfunctions is already complete in L2(0, 1). 

To prove (ii) we observe that the spectral data (ctq. A) uniquely determine the trans- 
formation operator K, so that ex' = g is unique. The above reasonings show that the 
number h in the boundary condition is then identified as Wq^'(1)/wo(1) = h, where 
Wo = (/ + K)vo and vo = cos(Aoa;). Thus the extension q of go and h G M. are 
unique, and the proof is complete. □ 

Next we give an example showing that the inclusion 0o ^ need not hold in 
general, so that all the hypotheses of Theorem 12.11 are essential for solvability of the 
half-inverse problem. 
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Example 4.5. Set A„ := im, n G Z+, A := {\n)n&j,, 

27 



(4.7) 
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and 
[0 i]. 



0-7,0(3;) : 



7, 



1 — 70; 

Observe that cr^ o belongs to -^2(0, |) if 1 < 2. VFe s/ia// s/iow; t/iat t/ie corresponding 
function <^o(")<^7,o) 0/ (12. 3|) equals —7/2; therefore (^7,0 ^ Ha «/ and on/i/ ^/ 

7 < 1, 50 t/iat for 7 < 2 i/ie half-inverse spectral problem with mixed data {a^^.K} is 
soluble if and only if j < 1 . 

By a straightforward verification one sees that a solution yQ{-,X) to the equation 

~iy' - 0-7,0^)' - (r^,oy' = A^y 

satisfying the initial conditions y{0) = 1, {y' — a^fiy){0) = 0, is 

, , 7sin(Ax) 

yo{x, A) = cos(Aa;) + . 

A 1 — 7X 

The kernel Zo,(t^,o(^5 ^) of the transformation operator I + -^^0,0-^ "iTT-ust satisfy the fol- 
lowing identity for all X E C and all x G [0, |].' 



Observe that 



, 7sin(Ax) 
cos Ax + -^—^ — - + 
A 1 — 7X 

7 sin (Ax 



r / \ r /^ \ 7sin(At) 
lo,a^,o{x,t) ^cos(At) + 



ds = cos(Ax) 



A 1 — 7X 



7 



which suggests that 



7X 



, 7sin(Ax) 
cos(Axj + — - 



A 1 — 7X 



7 



7t 



Now the function 0^^o is found to be 

1 
2 

7 



07,0 (2x) 







7 



7X 



2 



7^ 



7t)^ 



7 



7 

+ ^+1 
7X 2 1 — 71: 



t=x 
t=0 



7 

"2' 



X e (0, 1 



2^' 



so that indeed (p^^ e IIa if and only if j < 1. 

For J < 1, the half inverse problem can be solved explicitly. Indeed, according to the 
reconstruction algorithm of Theorem \2.1\ the extension (j)^ of the function ^7,0 to the 
interval (0,2) is given by the same formula, i.e., (f)^ = —7/2 on (0,2), and the integral 
operator F^^ corresponding to (j)^ has kernel 

/0^(x,t) = -7, x,te[0,l]. 

The operator I + F^^ is selfadjoint; moreover, for 7 < 1 ^^ ^s uniformly positive, and 
thus 07 G $ for such 7. 

A simple observation suggests that a solution k to the Gelfand-Levitan-Marchenko 
equation 



/c(x,t) + /0^(x,t) + / k{x,s)f^^{s,t) ds = 0, < t < X < 1, 
Jo 

must have the form k{x,t) = a(x); after a straightforward calculation we conclude that 

7 



k{x, t) 



< t < X < 1. 



7X 
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By |14| ITH] k is a kernel of the transformation operator K^r with 

a{x) = 2k{x, x) + 20(0) = (t^(x), 

where the function is the extension of a^^Q to the interval (0,1) by formula ()4.7|) . 
The constant h in the boundary conditions is identified as 1(7q^'(1)/wo(1), with 

■yx 1 



Wo{x) := {I + K^)l = 1 + 



7X i — 7X 



In particular, Wo{l) = 1/(1 — 7), ^o(l) = ~l)'^> '^(1) = (7 + 7^)/(l — 7); so t/iat 
h^ = —7^/(1 — 7). Now it can be directly checked that the spectrum of the operator 
Taj,h-y coincides with the set {vr^n^}„g2^, the corresponding eigenf unctions being wq 
above and 

, \ /T \ , \ / \ 7 sin(7ma;) 

WnXx) = (i + Ao-j cos(7mx) = cos(7rnx) H , n G J^. 

vrn 1 — 70: 

Thus the half-inverse problem is solved. 



5. Proof of Theorems 12.21 and 12.31 

We proved in Theorem 12 . 1 1 1 hat the half-inverse problem is not soluble for any mixed 
data {(To, A} G ReL2(0, |) x However, the set of those mixed data, for which a 
solution exists, can easily be shown to be open in ReL2(0, |) x £, the topology in 
£, being inherited from that of i'2(^+) through identification of A = (A„) G 2 and 
(A„ — TTu) G £2(^+)- This follows from the fact that both the mapping cxo ^ (po 
of ()2.3|) and the mapping A 1— > -j/)^ induced by ()2.2|) are continuous. In particular, there 
exists a neighbourhood in ReL2(0,|) x £ of the "unperturbed" mixed data (Tq = 0, 
A = (7rn)„g2^, in which the half-inverse problem is soluble. The aim of Theorem 12.21 is 
to make this observation quantitative, and to this end it suffices to estimate the norms 
of the functions 0o and ip\ in terms of do and A. As we mentioned in Section |2l it is 
easier to restrict ourselves to the case ao G Re VF2^(0, |), i.e., to the case go G Re -^2(0, |), 
and use the corresponding norms. 

We start with the following auxiliary lemma. 

Lemma 5.1. Assume that qo G ^2(0, |) is such that ||go||L2{o,i/2) < |- Put o"o(x) := 
Jo 1o(t) dt for X G (0, |) and construct the function 0o on (0,1) via ()2.3|) . Then 

||0o||l2(O,1) < i- 

Proof. Formula (j2.3|) suggests that to bound the norm of the function (pQ we only 
need to estimate the kernel /o,o-o of ^^e transformation operator Lo,o-o constructed as 
explained in Section |21 In the case where go ^ L2 the differential expression iao{u) := 
— {u' — ctqu)' — cru' coincides with —u" + q^u and it is well known (see [201 Ch. 1.2]) 
that the kernel Iq = /o,cro is then a unique solution to the hyperbolic equation 

t) = I'aix, t) - qo{t)l{x, t) 

satisfying the boundary conditions 

1 r 1 

l{x,x) = --J qo{t)dt = --ao{x), l[{x,t)\t=o = 0. 

Introduce new variables u = x + t and v = x — t and put a{u, v) := l{^^, ; then 
standard reasonings (see, e.g., [SHI Ch. 1.2]) reduce the above boundary value problem 



14 R. O. HRYNIV, YA. V. MYKYTYUK 

to the integral equation 

a{u,v) = ~\J da q^i^ 

pa 

(5.1) - o / da I qo 



'a — (3 
2 

a — [3 



a(Q;, /3) 



u/2 



d/2 



qQ{a)da+ / qo{(3) d/3 



This integral equation possesses a unique solution a, which is continuous on the set 
< f < M < 1. We put 

b{s) := max \a{u,v)\, sG[0,1], 

0<v<u<s 

and observe that for any fixed s G [0, 1] the above maximum is assumed at some point 
{uo,vo) satisfying the relation < vq < uo < s. Integral equation then implies 
that 



b{s)< 



b{s) 



da 



Qo 



a — P 



s/2 

d/3 + I \qo{a)\da 

1/2 



1-3/2 p 

< [sbis) + l] / \qoia)\da< [b{s) + 1] / 
Jo Jo 



\qo{a) \ da. 



Taking into account the inequality 

.1/2 



, ,, , 1 „ 11 1 

qo{a}\ da < ^||go||L2(o,i/2) < 



we conclude that 



b{s)< 



1 \-i 



1 1 

< 



2^2 V 2^2/ 2v^-l VS' 



Therefore for the solution Iq of integral equation ()5.1|) we find that 



ll{x/2,t)dt<-, 



so that ||0i||l2{o,i) < Using the estimate 

fx/2 



ko(x/2)| < 



|go(a)| da < 2lko||L2(o,i/2) 



< 



2v^' 



we arrive at 



|cro(x/2)|^ c/x < - / xdx 



16' 



Finally, ()2.3|) yields the required bound 



||0o||l2(o,i) < ^lko(V2)|U2(o,i) + ll0i|U2(o,i) < ^ + ^ < 



and the proof is complete. 



□ 
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Proof of Theorem \2.^ We have to show that under the hypotheses of the theorem the 
function 0o of (!2.3|) belongs to IIa. As explained in Section |2l the function 00 can be 
represented in the form 

oo 

00 (a^) = ^^[«n cos(A„x) — cos(7rnx)] + |, 

n=0 

where the real numbers a„ are such that the sequence {[3n)n&+ with := an — I 
belongs to £2- Thus the only thing to be proved is that all a„ are positive. 
Set 



9{x) := Q;„[cos(7mx) — cos(A„x)], x G (0, 1); 

n=0 

by Lemma lOl the above series converges in L2(0, 1), so that 9 G L2{0, 1). Then 

00 00 
0o(a^) + 9{x) = ^^(a;„ — 1) cos(7™x) + | = ^^(q;„ — 1) cos(7™a;) + ao — |, 

n=0 n=l 

SO that 

^ 00 

1100 + ^|lL(o,i) = 2 - 1)' + («o - lY- 

n=l 

On the other hand, ||0o||l2(o,i) ^ i by Lemma f5. 11 and the norm of the function 6 can 
be estimated by virtue of Lemma 14. HI as 

where we have put 7 := ||(/in)||£25 ^ •= ^'^PnGZ+ \(^n\, and used the fact that 7 < | by 
the assumption of the theorem. Taking into account the above relations, we conclude 
that 

1 5\2 



-,00 1 A 

(5.2) ^EK-l)' + («o-|r<(^ + ^ 

n=l 



which yields the estimates 

(5.3) |ao-||<^ + ^, < v^Q + ^), neN. 



These inequalities imply that 

e- . S\ 14 36 

5<1 + V2- + - < — + — , 
V4 5/ - 10 10 

i.e., that 6 < 2. Returning now to inequalities ()5.3j) . we get 



2V2 

|an-l|<^<l, neN, 

so that an > for all n eN. 

Assume that ao < 0. This is only possible when 5 > 1 (as otherwise |q;o — ^| < | 
and ao > 0), and then 6 = supnen^n- Therefore relation ()5.2|) yields the inequality 

2 



i(^-i)^+(«o-i)^<Q+0' 
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SO that, on account of the assumption ao < 0, we must have 

However, the last inequahty never holds for real S as the discriminant of the polyno- 
mial P is negative. The contradiction derived shows that the assumption ao < was 
wrong, and the theorem is proved. □ 

Before proceeding with the proof of Theorem \2.'A\ we refine the statements of Lem- 
mata 1^21 and for the case where A G Hi. 

Lemma 5.2. Assume that A G £i; then the function ipiy of ()2.2|) belongs to 1^2^(0,2). 
Proof. We recall that ip^ is given by the series 



^^[cos(A„x) — cos(7rnx)]. 



n=0 

which converges in the topology of ^2(0, 2). We write 

r fi^x'^i 
cos(A„x) — cos(7™x) = cos(/i„x) — 1 H — ^ — cos(7™2;) — [sin(yU„x) — sin(7mx) 

^ — cos(7ma;) — /i„a; sin(7rna;) 

=: LO\^n{p^) — '^2,n(a^) 7^ — cos(7mx) — /i„a; sin(7mx), 

where as usual equals A„ — vm. 

By definition, A G £1 means that = c/n + Vnjn for some c G M and an £2- 
sequence and this representation implies that the series X]nez+ '^o^" 
verges in L2(0,2) to a function from W\{^.,'1). Indeed, we have 

sm vrnx vr 



^^=2(1-^)' ^e(0,2), 

n=l 

the equality being understood in the L2-sense, while the series 



00 

1^, 



— sin(7rnx) 



n 

n=l 



converges in 1^2^(0,2). Similarly, the series '^'^^q fJ'nCos^nnx) converges in 14^2^(0,2). 
Next, we observe that 

as ?7. ^ cxD, so that the series 



00 

n=0 n=0 

converge in C^[0,2]. Summing up, we see that the function 

00 00 2 °° °° 

= ^ c^i.n - ^ t^2,n " y X] /^n cos(7rnx) - X ^ /i„ sin(7rnx) 

n=0 n=0 n=0 n=0 

belongs to W^2^(0, 2), and the lemma is proved. □ 
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Lemma 5.3. Assume that A G £i and that a sequence {cn)n&+ from £2 is such that 
the series 



(5.4) ^c„cos(A„a;) 



n>0 

converges in ^2(0, 1) to a function from W^2^(0, 1). Then this series converges in ^2(0, 2) 
to a function from ^^2^(0, 2). 

Proof. Arguing as in the proof of Lemma 15 ■2[ we can show that under the assumptions 
of the lemma the series 

(5.5) c„[cos(A„x) — cosTrnx] 

n>0 

converges in ^2(0, a + 1) to a function from W^2^(a, a + 1) for any real a. In particular, Cn 
are cosine Fourier coefficients of a 1^2^(0, l)-function and thus by integration by parts 
are easily shown to have the form 

c , z/„ 

Cn = - H 

n n 

with c G M and a sequence {Pn) falling into £2- This implies that the series 

Cn cos(7rnx) 

n>0 

converges in ^2(0, a + 1) to a function from 1^2^(0, a + 1) for any real a (cf. the proof of 
Lemma f5.2j) . Since the same statement holds for series ()5.5p . the required convergence 
result for series ()5.4j) on the interval (0, 2) follows. □ 

Proof of Theorem \2.^ We have to prove that in the case where ctq G W^2^(0, |), A G £1, 
and 00 G IIa the function a constructed in Theorem 12.11 and extending ao belongs 
to W^2^(0, 1). In view of Theorem 13.41 this is equivalent to showing that the function 
of (Q belongs to 1^2^0,2). 

Observe first that the function 0o of ()2.3p is the restriction of (f) to the interval (0, 1) 
and that 0o belongs to 14^2^(0,1). To prove this, we extend ctq to some function a 
from PV2^(0, 1) and construct the function corresponding to a according to ()3.3|) . By 
Theorem 13.41 (j) is in W^2^(0, 2), and it remains to notice that, in view of Remark |3.51 00 
is the restriction of onto (0, 1), so that 0o G ^^2^(0, 1). 

In virtue of the results of Section |21 the function of (|3.3p has the form (|3.5|) . i.e., 

00 

0(s) = ^^[on cos(A„s) — cos(7r?2s)] + |. 

n=0 

The restriction 0o of to (0, 1) is therefore given in ^2(0, 1) by the same series. The 
assumption 0o G IIa now implies that a„ = 1 + /S^ > with (/?„) G £2, so that can 
be represented as 

00 00 
0(s) = ^[cos(A„s) - cos(7™s)] + ^/5„cos(A„s) + \ 

n=0 n=0 

=: V^a(s) +V^i(s) + \. 

Since A G Hi, by virtue of Lemma the function '0a belongs to 1^2^(0,2). Re- 
stricting the above equality to (0,1) and recalling that 0o G PV2^(0,1), we see that 
Tpi G ^^2^(0, 1). Applying now Lemma 1^7^ to the series ^„>o /5n cos(A„s), we conclude 
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that this series converges in ^2(0, 2) to a function from W2{0, 2). Thus ipi ^ ^2(0, 2), 
and hence (p G W^2^(0, 2) as required. The theorem is proved. □ 

Appendix A. Proof of Theorem 13.41 

We denote by G2 the subspace of all functions k G L2[{0, 1) x (0, 1)), for which the 
mappings 

(A.l) X ^ k{x, ■) e 12(0,1), k{- ,t) e 12(0,1) 

belong to C([0, 1], L2{0, 1)) (i.e., for which these mappings coincide a.e. with continuous 
ones). We also denote by Gl the subspace of G2 consisting of those k, for which 
mappmgs dHH) belong to C^([0, 1], ^2(0, 1)). The spaces of integral operators with 
kernels from G2 (respectively, from G^) will be denoted by 02 (respectively, by &l). 

Lemma A.l. Assume that G 14^2^(0,2); then the operator with kernel f^{x,t) := 
(j){x + t) + (f){\x - t\) belongs to (S^. 

Proof. Since the function k{x,t) := (f)'{x + t) obviously belongs to G2, we use the 
equalities 

0(a; + t) = 0(t) + r (f)'{t + 0d^ = m + f 0'(x + di 
Jo Jo 

to justify the inclusion 0(x+t) G G^. In the same manner we show that 0(|x— 1|)| G G^, 
which by definition yields F,^ G 02- ^ 

Lemma A.2. Assume that i? G 02 ^'^^ ^^^^ operator I + R is invertible. Then the 
integral operator R := {I + R)^^ — I belongs to (d^. 

Proof. We use a kind of the bootstrap method based on the formula 

(A.2) R = RRR + R^-R, 

which follows from the relation RR + R + R = 0. Namely, using ()A.2|) . we first show 
that i? is a Hilbert-Schmidt operator, then that R & (52, and finally that i? G 02- 

Since R & (3^ (Z &2 and ©2 is an ideal in the algebra of all bounded operators, we 
conclude from ()A.2|) that R e &2- 

Next we show that R belongs to 02- To this end it suffices to prove the inclusions 
02 ■ ©2 ■ 02 C 02 and 02 ■ 02 C 02. Assume that -Ri,-R3 G 02, R2 e 62, and let 
Rij := RiRj and i?i23 = RiR2R3- Then the kernel ri2 of the operator R12 is given by 



ri2{x,t) = / ri{x,s)r2{s,t) ds = {ri{x,-),r2{-,t)) 



^2(0,1)' 



and, using the Cauchy-Schwarz-Bunyakowski inequality, we find that ri2{x, ■) belongs 
to ^2(0, 1) and 

\\ri2{x,-)\\L2{o,i) < \\ri{x,-)\\L2io,i) Mi^mm- 
By linearity we also get 

||ri2(a;, ■) - r^ix', ■)\\l2{o,i) < Unix, ■) - ri{x', OlUaCo.i) \\r2\\L2{{o,m, 

which yields continuity of the mapping [0, 1] 3 x ^ ri2{x, ■) G -^^2(0, 1). Similar 
arguments show that the kernels ri3 and ri23 belong to G2 (in fact, they are even 
continuous on (0, 1)^). Relation lA. 21 now implies that R G 02- 
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Assume now that -Ri, -R3 G ©2 and R2 & ^2] then 
dri2{x,t) d 



and thus ri2 is continuous in t and once continuously differentiable in x. Similar 
arguments show that R1R2R3 G ^2 ^^^1 -R1-R3 G Using this observation in ()A.2|) . 
we conclude that R G and the lemma is proved. □ 

Lemma A. 3. Assume that G $ fl W2{0, 2) and 

(A.3) I + F^ = iI + Ky\l + K^)-\ Ke&2. 

Then the kernels k and I of the operators K and L := {I + K)^^ — I respectively have 
the following property: for < t < x < 1, 

^^^^ k{x,t) = -f^{x,t) + ki{x,t), 

l{x,t) = f^{x,t) + h{x,t), 

where the kernels ki and li are continuously differentiable. 



Proof. Applying / + to both sides of equation ()A.3|) . rewriting the resulting equality 
in terms of kernels, and recalling that has an upper- diagonal kernel, we arrive at 
the so-called Gelfand-Levitan-Marchenko (GLM) equation 

k{x,t) + f^{x,t) + k{x,s)f^{s,t)ds = 0, 0<t<x<l. 
Jo 

Fixing X G (0, 1) in the GLM equation and denoting 



f4>{x,t) if < t < X < 1, 
if < X < t < 1, 



9.{t) 
we conclude that 

{I + F^)k{x,-) = -g,. 

Since the operator I + is invertible and F^ G &\ by virtue of Lemma lA.ll 
Lemma lA.21 implies that the operator R := (/ + F^)~^ — I belongs to In par- 
ticular, with r being the kernel of i?, we have for x > t 

k{x, t) = -gx{t) - / r{t, s)g,j:{s) ds = -/^(x, t) - r{t, s)f^{x, s) ds. 
Jo Jo 

Since the function ^ 

ki{x,t) := - / r{t,s)f^{x,s) ds 



is easily seen to be continuously differentiable on (0, 1)^, the required representation 
follows. 

The operator L satisfies the relation 

L = F^ + K^ + F^K^, 

or, in terms of kernels, 

l{x,t) = f^{x,t) + / ffj,{x, s)k{t, s) ds, 0<t<x<l. 
Jo 

Now the derived representation ()A.4|) for the kernel k implies that the function 

h{x,t) := / f^{x,s)k{t,s)ds 
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is continuously differentiable on (0, 1)^, and the proof is complete. □ 

Proof of Theorem \3.4\ Assume that a G 1^2^(0, 1) and show that then the function 
of (Q belongs to ^2(0,2). To this end it suffices to prove that the kernel has 
suitable smoothness properties. 

We recall that the function a{u,v) := is continuous on the set fi+ := 

{{u,v) I < f < M < 2} and satisfies there the integral equation 



a(M,f) = — da j q(^'^—^-^^a{a,P)dp 

pa ^ p 

da / — - — ja{a,(3)d(3 



u/2 /■v/2 

q{a) da+ q{(3) d(3 
IJQ Jo 



with q := a'. This integral equation implies that the function 

'.n/2 rv/2 

q{a) da + q{(3) d(3 



a{u,v) := a{u,v) + ^ 

is continuously differentiable in As a result, 1^ has the representation 

l„{x, t) = a{x + t,x-t)- la{^) - lcr{^) + (t(0), 

which implies that the function ll{x,t) dt is in 1^2^(0,1), so that (f) G W2{0,1) as 
well. 

Conversely, let G $ fl 1^2^(0,2) and determine a through relation (j3.3p . In other 
words, with an operator K G (5^ satisfying ()A.3|1 and / being the kernel of the operator 
L:={I + K)-^ - / G 6^, we have 



0" X 



nx 

-20(2x) + 2/ f{x,t)dt, xG(0, 1). 
Jo 



Using representation ()A.4|1 . one can easily show that the function JJ^ /^(x, t) dt belongs 
to Henceforth a G W^if), 1), and the proof is complete. □ 

References 

[1] L. Andersson, Inverse eigenvalue problems with discontinuous coefficients, Inverse Prohl. 4(1988), 
539-577. 

[2] L. Andersson, Inverse eigenvalue problems for a Sturm-Liouville equation in impedance form, 

Inverse Prohl. 4(1988), 929-971. 
[3] A. Ben Khaled, Probleme inverse de Sturm-Liouville associe a un operateur difFerentiel singulier, 

Comp. Rend. Acad. Sc. Paris, Serie I, 299(1984), no. 7, 221-224. 
[4] C. F. Coleman and J. R. McLaughlin, Solution of the inverse spectral problem for an impedance 

with integrable derivative, I, Comm. Pure Appl. Math. 46(1993), 145-184; II, Comm. Pure Appl. 

Math. 46(1993), 185-212. 
[5] R. del Rio, On boundary conditions of an inverse Sturm-Liouville problem, SIAM J. Appl. Math. 

50(1990), 1745-1751. 

[6] R. del Rio, F. Gesztesy, and B. Simon, Inverse spectral analysis with partial information on 
the potential, III. Updating boundary conditions, Internat. Math. Res. Notices (1997), no. 15, 
751-758. 

[7] F. Gesztesy, B. Simon, Inverse spectral analysis with partial information on the potential, II. The 

case of discrete spectrum. Trans. ^MS" 352(2000), 2765-2789. 
[8] I. Gohberg and M. Krein, Introduction to the Theory of Linear N on- self adjoint Operators in 

Hilbert Space, Nauka Publ., Moscow, 1965 (in Russian); Engl. transL: Amer. Math. Soc. Transl. 

Math. Monographs, vol. 18, Amer. Math. Soc, Providence, RI, 1969. 



HALF-INVERSE SPECTRAL PROBLEMS 



21 



[9] Gohberg, I. and Krein, M.: Theory of Volterra Operators in Hilbert Space and its Applications, 
Nauka Publ., Moscow, 1967 (in Russian); Engl. transL: Amer. Math. Soc. TransL Math. Mono- 
graphs, voL 24, Amer. Math. Soc, Providence, RI, 1970. 
[10] O. Hald, Inverse eigenvalue problems for the mantle, Geophys. J. R. Astrophys. Soc. 62(1980), 
41-48. 

[11] O. Hald, Discontinuous inverse eigenvalue problem. Comm. Pure Appl. Math. 37(1984), 539-577. 

[12] X. He and H. Volkmer, Riesz bases of solutions of Sturm-Liouville equations, J. Fourier Anal. 
Appl, 7(2001), no. 3, 297-307. 

[13] H. Hochstadt and B. Liebcrman, An inverse Sturm-Liouville problem with mixed given data, 
SIAM J. Appl. Math. 34(1978), 676-680. 

[14] R. Hryniv and Ya. Mykytyuk, Transformation operators for Sturm-Liouville operators with sin- 
gular potentials. Math. Phys. Anal. Geom. 6(2003), at press. 

[15] R. Hryniv and Ya. Mykytyuk, Inverse spectral problems for Sturm-Liouville operators with 
singular potentials. Inverse Problems 19(2003), 665-684. 

[16] R. O. Hryniv and Ya. V. Mykytyuk, Inverse spectral problems for Sturm-Liouville operators with 
singular potentials, II. Reconstruction by two spectra, in Functional Analysis and its Applications, 
V. Kadets and W. Zelazko, eds., North-Holland Mathematics Studies, Elsevier Science, to appear; 
|h ttp://arXiv .org/abs/math.SP/0301193 

[17] R. O. Hryniv and Ya. V. Mykytyuk, Inverse spectral problems for Sturm-Liouville operators with 
singular potentials. Part HI: Reconstruction by three spectra, J. Math. Anal. Appl. 248(2003), 
626-646. 

[18] M. Kobayashi, Discontinuous inverse Sturm-Liouville problems with symmetric potentials, Ph.D. 

Thesis, University of California, Berkley, 1988. 
[19] A. Khodakovsky, Inverse spectral problem with partial information on the potential: the case of 

the whole real line, Comm. Math. Phys. 210(2000), 399-411. 
[20] V. A. Marchenko, Sturm-Liouville Operators and their Applications, Naukova Dumka Publ., 

Kyiv, 1977 (in Russian); Engl. transL: Birkhauser Verlag, Basel, 1986. 
[21] Ya. V. Mykytyuk, Factorization of Fredholm operators. Mat. Studii (to appear). 
[22] J. Poschel and E. Trubowitz, Inverse Spectral Theory, Pure and Applied Math., vol. 130, Aca- 
demic Press, Orlando, Florida, 1987. 
[23] L. Sakhnovich, Half-inverse problem on the finite interval. Inverse Problems 17 (2001), 527-532. 
[24] A. M. Savchuk, On eigenvalues and eigenfunctions of Sturm-Liouville operators with singular 

potentials, Matem. Zametki 69(2001), no. 2, 277-285 (in Russian); Engl, transl. (Math. Notes) 

69(2001), no. 1-2, 245-252. 
[25] A. M. Savchuk and A. A. Shkalikov, Sturm-Liouville operators with singular potentials, Matem. 

Zametki 66(1999), no. 6, 897-912 (in Russian); Engl, transl. (Math. Notes) 66(1999), no. 5-6, 

741-753. 

[26] A. M. Savchuk and A. A. Shkalikov, Sturm-Liouville operators with distributional potentials, 
Trudy Most Matem Ob-va (Trans. Moscow Math. Soc), 64(2003), 159-212. 

[27] C. Willis, Inverse Sturm-Liouville problems with two discontinuities, Inverse Probl. 1(1985), 
no. 3, 263-289. 

Institute for Applied Problems of Mechanics and Mathematics, 3b Naukova st., 
79601 Lviv, Ukraine and Lviv National University, 1 Universytetska st., 79602 Lviv, 
Ukraine 

E-mail address: rhryiiiv@iapmm.lviv.ua, yamykytyuk@yahoo.com 

Current address of R.H.: INSTITUT FUR Angewandte Mathematik, Abteilung fur Wahr- 
scheinlichkeitstheorie und Mathematische Statistik, Wegelerstr. 6, D-53115 Bonn, 
Germany 

E-mail address: rhryniv@wiener.icmi.uni-bonn.de 



